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It is emphasized that anharmonic effects are important in determining the parameters describing 
diffusion processes at elevated temperatures in crystals. The relevance of anharmonicity to the 
reaction rate and the dynamical theories of diffusion, and to models of defect formation and migra­
tion, is discussed. A comparison is made between the theoretical results and some collected experi­
mental data pertaiining mainly to ionic crystals.

1. In tro d u c tio n

The m aterial discussed in this paper concerns the 
effect of anharm onicity  on the energies, entropies 
and  volumes for form ation and fo r m otion of de­
fects in  crystals. We shall distinguish between quasi­
harm onic effects and explicit anharm onic effects. The 
form er have been studied by several w orkers 1_3, 
but errors and m isunderstandings present in the 
early  literature persist today. U nfortunately, in 
many cases, these alter the entire character of the 
in terpretation  which can be placed on the experi­
mental results. Explicit anharm onicities are scarcely 
understood for perfect c ry s ta ls4 and have no t yet 
been incorporated  into any discussion of therm al 
defect structure. A lthough we shall not present any 
com prehensive d iscussion of explicit anharm onic 
effects in this paper, we show fo r the case of ionic 
crystals how im portan t these effects can be.

It is a reasonably good approxim ation to take 
the norm al modes as harm onic v ibrations. However, 
unlike the case of a lattice m ade from  perfect 
springs, it is necesary to assume that the phonon 
frequencies are functions of the state of the crystal. 
Thus, the v ibrational free energy of a v ibrational 
mode of frequency o) m ay be w ritten with fa ir ac­
curacy as

F „ = t r  log ( | f )  ( i )

(in  the high-tem perature approxim ation) ju st as for 
a perfectly harm onic oscillator. The difference is
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1 N. M . M o t t  and R. W. G u r n e y , Electronic Processes in 
Ionic Crystals, Oxford University Press, Oxford 1940.

that the frequencies, co, of v ibrations in the an h a r­
monic crystal depend on the m olar volume, V , and 
on the tem perature, T.  The quasi-harm onic approxi­
m ation attributes all frequency shifts to changes in 
the crystal volume so tha t the frequencies are ex­
plicitly dependent on the m olar volume V  alone and 
are tem perature dependent only th rough  therm al ex­
pansion. Residual frequency shifts w ith tem pera­
ture at constant volume a re  then regarded as expli­
cit anharm onic shifts.

We obtain the free energy of an  entire crystal 
containing N  atoms by sum m ing over all 3 N  v ib ra­
tional modes and adding the non-vibrational poten­
tial energy:

F  = V  +  k  r j f  log 0 r j r )  • (2)

In the quasi-harm onic model V ( V )  and 
are explicit functions of the volume V  alone. Ac­
cordingly, the entropy is

s = - { £ ) r  =  - k Z { ' ° e { * f F ) - 1 } -  <3>

The Gibbs function is obtained when we acknowl­
edge that the potential energy contains one term  
V 0( V ) ,  associated with the crystal, and a second 
term p V  which is the potential energy of an enclos­
ing constant pressure bath. Then

G = T „ ( V ) + k T  l l o g ( ~ f P - )  + p V  (4)

2 G. H . V i n e y a r d  and G. J. D ie n e s , Phys. Rev. 93, 265 
[1954].

3 J. B. H u n t i n g t o n , G. A. S h i r n , and E. S . W a j d a , Phys. 
Rev. 99, 1085 [1955].

4 For several reviews see “Phonons” (ed. R. W. H . S t e v e n ­
s o n ) ,  Oliver and Boyd, London 1966, and G. L e ib f r ie d  
and W. L u d w ig , Solid State Physics, Vol. 12 (eds. F. S e it z  
and D . T u r n b u l l ) ,  Academic Press, New York 1961.
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in which the explicit volume dependence of the quasi- 
harm onic approxim ation are indicated. Figure 1 
shows a sketch of the typical varia tion  of F  w ith T  
and V ; the heavy line m arks the locus of points 
with ( d F / d V )  t = 0  at which the crystal finds equi­
librium  at zero pressure.

Fig. 1. The typical variation of free energy F with volume V 
and temperature T. A heavy line marks the locus of points 
with ( d F / d V ) T = P = 0  at which the crystal finds equilibrium 

at zero pressure for various temperatures.

The quasi-harm onic theory is often useful in 
defect calculations because it perm its neat results 
to be derived w ithin a well-specified fram ework.

300 500 700 
T °K

Fig. 2. The variation of normal mode frequencies with tem­
perature and pressure; (a) The dispersion curves of Ne at two 
densities (A is about 4 per cent more dense than B) ; explicit 
temperature induced shifts are relatively small (after L e a k e  
et al. 15) . (b) The optic mode frequencies vary as shown with 
temperature and with pressure but the shift is apparently not 
dependent on the volume alone for LiF (data from M it r a  
et al. 1#) . (c) Temperature changes cause similar fractional 
shifts of phonon frequencies in Al at various displacements 
from r  towards X (the numerical labels give /c//cbz) accord­
ing to L a r s s o n  et al. 7. The elastic constants also suffer a 

comparable change according to S u t t o n  8.

The general character of the frequency shifts ob­
served in real crystals, including the degree to which 
the quasi-harm onic approach is valid, may be as­
sessed from  the data collected in Fig. 2. The phonon 
dispersion curves for Ne at two volumes differing 
by 4% sh o w 5 a frequency shift ~  10% in both the 
longitudinal and transverse branches (see Fig. 2 a ) . 
However, L e a k e  et al. 5 find that the shift between
4 °K  and 25 °K  at constant volume  is relatively 
small ( <  2% ), in accord with the quasi-harm onic 
postulate. The situation is less satisfactory for the 
optic modes of ionic crystals. F igure 2 b shows 
how some optical mode frequency vary with volume 
for d ilatations induced by tem perature change and 
by pressure change6. The explicit anharm onicity  
made evident by the differing pressure and tem pera­
ture induced rates of change for LiF has found a 
further confirm ation in studies of the dielectric con­
stant as a function of s ta te 7’ 7a. F inally , in Fig. 2 c 
is shown the tem perature variation of modes at 
various displacem ents from  T  (zone center) towards 
X ([1 0 0 ] zone face) in A l8. The various norm al 
modes are seen to vary w ith tem perature in much 
the same way 9 as V C X1, also shown in  Fig. 2 c.

In  sum m ary, then, we can find a reasonable ap ­
proxim ation to the free energy and the Gibbs func­
tion of m any crystals by m eans of Eqs. (2) and (4) 
with V  and co explicitly dependent on the volume. 
This approxim ation is likely to be much less satis­
factory, however, when the optic modes of ionic 
crystals play an im portan t part.

2. D e fe c t F o rm a tio n

Say that the Gibbs functions before and after a 
defect form s in a system m aintained at constant 
tem perature and pressure are G and G ' . Then from 
the quantity

g  = G ' - G  (5)

we can obtain the energy, the entropy and  the 
volume of form ation. Since ( d G / d T )  v — — S,  
( dG/dp)  t = V  and the internal energy is

U = G + S T - p V

5 J. A. L e a k e , W. B. D a n ie l s , J. S k a l y o , B. C. F r a z e r , and 
G. S h i r a n e , Phys. Rev. 181,1251 [1969].

6 S. S. M it r a . C. P o s t m u s , and J. R. F e r r a r o , Phys. Rev. 
Letters 18,455 [1967].

7 R. P. L o w n d e s  and D . H . M a r t i n , Proc. Roy. Soc. Lon­
don A 316, 351 [1970],

7a R. P. L o w n d e s , Phys. Rev. B 1, 2754 [1970].
8 K. E. L a r s s o n , S. H o l m r y d , and U. D a h l b o r g , in: In­

elastic Scattering of Neutrons in Solids and Liquids, I.A.
E.A., Vienna 1961.

9 P. M . S u t t o n , Phys. Rev. 31, 516 [1953].
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it follows that the form ation entropy is 

the volume change on form ation is

- r ' - r = ( | ) T ,

and the energy is

e = U '  — U = g + s T  — p v .

(6)

(7)

(8)

Here, prim ed quantities identify properties of the 
im perfect crystal.

F rom  Eq. (4) we can w rite down the ^-function 
in the quasi-harm onic approxim ation and hence ob­
tain 5, v and £. The result is

3 N
g = v , ( r ’) - T „ ( V ) + k  r Bog

with
3 N COa(V')

+ p ( V ' - V ) ,
(9)

(10)

v = V ' - V  (11)

and e = V o ( V ' ) - V 0( V ) .  (12)

Note that these quantities contain com ponents eval­
uated for two different crystal volumes — that of 
the im perfect crystal, nam ely V',  and the value V 
for the perfect crystal. However, g  is a function of 
state which can be expressed in term s of any two 
therm odynam ic variables. Since negligible work is 
done in a reversible com pression of the crystal 
th rough  v we can equally calculate g  as the free 
energy change on form ation at constant volume,  
nam ely,

g ( V , T ) = F ( V , T ) - F ( V , T )  (13)

- T 0' ( V ) - V , ( F )  + k r ‘£ l o g £ } £ .a=1 COair)

E quations (9) and (13) are obviously related by 
the equilibrium  condition ( d G / d V ) t =  0.

Some possible varia tions of g  w ith V  and T  a re  
sketched in Fig. 3 ; these sketches are com patible 
with the G rüneisen approxim ation. The solid line 
in each case indicates the V — T  curve of the crystal 
for p = 0 and the broken extrapolation  from  high 
tem perature has a slope which gives the form ation 
entropy when projected  onto the plane V = const, 
and an intercept on the plane T  =  0 which gives the 
form ation energy, s. It is often assum ed that e can 
be calculated as a change in potential energy at
0 °K  but both Fig. 3 and Eq. (12) indicate that

this may lead to errors. These errors are evidently 
most m arked in those cases, such as tha t shown in 
Fig. 3 b, in which both e and s are strongly volume 
dependent. The tangent to g ( V , T )  which yields the 
high-tem perature values of e and 5 is obviously sen­
sitive to explicit anharm onicities which cause ad ­
ditional curvatures of the surface g { V , T )  at elevat­
ed tem peratures.

Fig. 3. Two possible forms of g(V T) . (a) shows e and s rela­
tively temperature independent whereas they are strongly tem­
perature dependent in (b ). Both cases are compatible with 
quasi-harmonic theory which simply has the phonon frequen­
cies and the non-vibrational energy constant throughout a sec­

tion of the surface at any constant volume.

An example occurs in the theory of vacancy fo r­
m ation in 1 : 1 salts, which is often treated  by the 
M ott-Littleton method applied to the param eters for 
a crystal at 0 ° K 10. We can see the m ain points

10 See L . J. B a r r  and A. B . L i d i a r d , in: A Treatise on Phys­
ical Chemistry, Vol. 10 [1969], for a recent review of the 
Mott-Littleton method.
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from  the Jost model. The vacancy form ation energy 
on the Jost model is ju st the cohesive energy per 
molecule m inus the dielectric relaxation energy

<14>
with R  the atom ic cell radius and e  the dielectric 
constant. Actually, the cohesive energy E c is about 
90% of the M adelung energy. In term s of the spac­
ing r0 of ions we have

g ~  0.9 x 0.874  — -  0 .805 — (1 —ro r0 \  e J
Thus, the term

( P - 0 ) ,  (15)

alone provides a good order-of-m agnitude estimate 
of the form ation ^-function for p =  0. It should also 
provide a realistic order-of-m agnitude estimate of 
the tem perature dependence of g  at zero pressure 
since the cancelling term s of the form  C e2/R  have a 
weaker variation . The relationship between this case 
and Fig. 3 b is m ade clear by Fig. 4 which shows 
the variation  with tem perature of e _1 and of co02 
(a)0 is the optic mode frequency) in some 1 : 1 
s a lts 11-15. Clearly, the Born model applied to p a ra ­
meters for T = 0  is very likely to underestim ate the 
form ation energy. It is notable that many calcula-

Fig. 4. The variation with temperature of the inverse dielec­
tric constant (at ~  1010 cps) according to R a o  and S m a - 
k u l a  u >12 (NaCl, CaF2) , E v e r e t t  et al. 13 (AgBr) and 
L o w n d e s  and M a r t i n  7’ 14 (NaCl, AgBr). The optic mode 
frequency is still more strongly temperature dependent ac­
cording both to the Szigetti relation and to the data of J o n e s  

et al. 15 for AgBr and Rbl (broken lines).

11 K. V. R a o  and A. S m a k u l a , J. Appl. Phys. 3 6 , 3953 [1965].
12 K.V. R a o  and A. S m a k u l a , J. Appl. Phys. 3 7 , 319 [1966].
13 G. E v e r e t t , A. W . L a w s o n , an d  G. E . S m it h , Phys. Rev. 

1 2 3 . 1589 [1961].

tions using this m ethod for charged defects have 
yielded form ation energies which are much too 
sm a ll10.

There rem ain further difficulties w ith the quasi­
harm onic approach for optic modes, as m entioned 
above. These do not spoil Eq. (1 5 ), which provides 
a very reasonable estim ate of the form ation en tro p y :

5 ~ - 7 ( f F ) p ~ 5 t " 1 0 * ’

for the values 

e ~ 2 e V  and e - 1 ( 3 e / 3 r ) p ~  -  3 x 1 0~ 4 °K _1

which are appropriate  for Schottky pairs in 1 : 1 
salts. However, the presence of explicit anharm oni- 
cities does reduce fu rthe r the practical u tility  of the 
M ott-Littleton method em ploying param eters ap ­
p ropriate to the crystal at 0 °K .

3. M ig ra tio n  P ro cesses

Theoretical models have been still less successful 
in describing m igration  processes than form ation 
p rocesses10; much of the difficulty m ay again be 
associated with an inadequate treatm ent of the pho­
non frequency shifts. U sing the reaction rate  model 
the jum p rate may be obtained as

w = vD-exp{ - g / k T }  (16)
in which

g =  T S( V s ) - V , ( F 0) + k T

+ P ( Y s - V , ) ,  (17)

with subscripts S and 0 m arking saddle-point p ro ­
perties and properties of the norm al state in which 
the m igrating  atom  ocupies its initial lattice site 16. 
A constant volume constra in t does not m odify the 
jum p rate  w,  and g  can therefore be w ritten, follow­
ing Eq. (1 3 ), as a function of state

g ( V T )  = - k T \ o g ( W l v D) (18)

=  V s  ( V) -  V 0 ( V)  +  k  T  I  log .
a = 1 COa ( V)

In Eqs. (17) and (18) the oja' correspond to v ib ra ­
tions in a plane along the potential ridge separating 
the initial and final potential wells; co1' = 2 j i v d is

14 R. P. L o w n d e s  and D. H. M a r t i n , Proc. Roy. Soc. Lon­
don A 308, 473 [1969].

15 G. O. J o n e s , D. H. M a r t i n , P . A. M a w e r , and C. H. 
P e r r y , Proc. Roy. Soc. London A 261,10 [1961].

16 G. H. V in e y a r d , J. Physic. Chem. Solids 3, 121 [1957].
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an arb itra ry , constant frequency which we set equal 
to the Debye frequency. T's and are respectively 
the non-vibrational potential energies in the saddle- 
point configuration and in the ground state, for the 
crystal volumes indicated.

The m otion entropy, s, volume, v,  and energy, £, 
are obtained from  g  by standard  therm odynam ic 
prescriptions which yield results analogous to Eqs.
(10) and (11) and (1 2 ) . In practice the volume 
dependence has largely been ignored and  the ener­
gies, entropies, etc. calculated directly from  the po­
tentials V  and the frequency shifts o) — a> obtained 
from  models ap ropriate  to crystals at 0 °K . The 
energies so deduced have tended to be too small 
and, in the only published case 13, the entropy has 
the w rong sign and is much too small in m agnitude. 
There has been no “ successful” calculation of any 
m otion volume.

The observed m otion entropies are unexpectedly 
large (up to ~  5 h) and in metals are related fairly 
well to the m otion energy by the Ze n e r  17 relation

— ei ju-1 dju/dT)  w ith  / /  some shear m odulus of 
the host crystal. In this paper we shall not present 
the results of detailed calculations, which at present 
appear im practicable, but shall instead show how 
the em pirical data can be explained by means of 
two assum ption. These are as follows.

(a) We shall assum e first that only small fre­
quency shifts take place when a m igrating atom 
moves to the saddle-point position at constant vol­
ume, so that the second term  in Eq. (18) is small
and  the  function g  depends m ainly on V  ra ther than 
on T,  as shown in Fig. 5.

(b) Second, we assume that the potential as a 
function of position, as the representative point pas­
ses th rough  the b a rr ie r  in configuration space, m ain­
tains approxim ately the same functional form  as the 
crystal dilates and sim ply changes in the am plitude 
of the potential variation . F or example, F ig. 6 in ­
dicates by arrow s paths through a b a rrie r at various 
dilatations. We assum e that the potential varies in a 
sim ilar way along each path but that the size of the 
variation  depends on V.

It should be noted that both assum ptions concern 
the form  of the surface V ( S )  which describes the 
potential of a crystal as a function of position, S,  
in (mass weighted) configurations space. Little is 
known about the true form  of this surface fa r from  
the locus of equilibrium  points. The present assum p­
tions allow us to systematize diffusion data in term s 
of the form  of the surface close to the equilibrium  
position.

The nature of the model energy surface ensures 
that the b arrie r height may be w ritten

g =  2 oj2 s02, (19)

with co a frequency describing the mean vibrations 
along the jum p direction and ä0 a critical (mass 
weighted) distance along this path. In m onatom ic 
crystals the v ibrational spectrum  can be described 
reasonably well by the Debye approxim ation, which 
allows to to be w ritten in term s of elastic constants. 
It can be sh o w n 18 using the dynam ical theory of 
diffusion 19 that longitudinal modes are three tim es 
m ore efficient in causing jum ps than longitudinal 
modes, but the contribution  of shear modes, while 
thus reduced, is still dom inant. An appropriate  form  
of g follows for m onatom ic crystals as

g = c Q  d2 

with c an elastic constant given by 18

15 _  3 |_____
2  c cn cn - ---- +  —

C12 C44

(20)

(21)

Fig. 5. A model surface for g( V, T)  showing only small en­
tropy changes associated with the displacement of an atom 

to the saddlepoint at constant volume.

and Q  the atomic volume, d describes the shape of 
the energy surface along the jum p path ; this p a ra ­
meter tu rns out to be rem arkably constant am ong 
different m aterials having the same crystal struc­
ture. Table 1 shows how Eqs. (20) and (21) with

17 C. Z e n e r , in : Imperfections in Nearly Perfect Crystals, 
ed. W. S h o c k l e y , John Wiley & Sons, New York 1952.

18 C. P. F l y n n , Phys. Rev. 171, 682 [1968].
19 See e. g. N. B. S l a t e r , The Theory of Unimolecular Re­

actions, Cornell 1959.
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Table 1. Vacancy motion energies in fee crystals obtained 
from Eqs. (20) and (21) with <52 =  0.104. The elastic constants 

are values appropriate to a temperature of 0 °K  
(data taken from F l y n n  18) .

Elastic consts. (1012 dyne cm 2) Motion energy (eV)

cn 4(C11 C12) C44 theory exp.

Cu 1.762 0.256 0.818 0.84 0 .8 8  a
Ag 1.315 0.171. 0.511 0.83 0.82 a
Au 2.016 0.159 0.454 0.82 0.83 a
Ni 2.612 0.552 1.317 1.42 ~ 1 .3  b
A1 1.143 0.262 0.316 0.83 '■'•'0.65 a
Pb 0.555 0.050 0.194 0.48 0.56 a
Ar 0.0439 0.0128 0.0164 0.089 0.08 c

a Obtained from Q and the equilibrium vacancy concentration, 
b From annealing studies. 
c Value quoted is Q/2.

d2 = 0 .104 reproduce the known m otion energies of 
monatom ic solids from  elastic constants for T  =  0 °K . 
There is evidently a notable sim ilarity  am ong the 
energy surfaces along the jum p paths for crystals 
having a com mon structure 18. This m ay originate 
partly  in the predom inance of pairw ise repulsive 
forces in the saddle point configuration 18.

A further success of the model is that it rep rodu­
ces the Zener relation for the m otion entropy since 

the quantity g  in Eqs. (20) and (21) is indeed p ro ­
portional to an elastic constant which is heavily 
weighted by shear contributions just as in Zener’s 
original discussion. Actually, the elastic constant is 
m ultiplied by the atomic volume so the model re ­
produce “ GV” results of K e y e s  20, which have re­
cently been re-exam ined by H o l d e r  21.

Turning now to the case of diatom ic crystals we 
find a quantity  of data which supports our assum ed 
energy surface. It is difficult to obtain sufficiently 
accurate jum p rates by extracting the defect concen­
trations from  observed diffusion coefficients but our 
discussion finds an im m ediate application to the 
relative rates of two processes activated by the same 
phonons in a single type of crystal. Say that p a rti­
cular phonons with frequency w ( p , T )  vary with 
tem perature and pressure in a way which is typical 
of those phonons which strongly influence the jum p 
rate for each of two jum p processes, A and B, which 
take place in the crystal. Then from  our model as­
sum ptions we may write

g\ =  i  o)2 <7a2; ? b =  2 W 2 ?b2, ( 2 2 )

20 R. W . K e y e s , in: Solids Under Pressure, eds. P a u l  and
W a r s c h a u e r . McGraw-Hill. New York 1 9 6 3 .

with qa and qb param eters which describe the size 
of the fluctuation needed to cause the representative 
point to pass over the saddlepoint in the two p ro ­
cesses. Then, the ratio  of the jum p rates is

wA/wB = e x p { - a ) 2(qx2 - q B 2) / k T }  , (23)

in which we take equal pre-exponential factors for the 
two processes in accordance with our assum ption 
that the same set of phonons is responsible for both 
m igration rates. We shall also presum e that qA and 
qb are sensibly independent of the crystal volume 
and are, therefore, in the quasi-harm onic approxi­
mation, independent of tem perature also.

Fig. 6 . Showing schematically how the barrier impeding mi­
gratory transitions changes in height as a crystal expands.

An im portant point is now im m ediately apparent. 
The two jum p rates can be equal only if <7.\ =  <7b in 
which case they are always equal, or if oj2 = 0, 
which is obviously not adm issible. It follows that 
the jump  rates of two processes activated by  the 
same phonons in a single crystal should never cross. 
As we show below the experim ental facts are in ac­
cordance with this rule. It is usually the case that 
phonon frequencies decrease with increasing volume 
and therefore oj2 ( T)  extrapolates to zero at tem pe­
ratures above the melting point (cf. Fig. 4 ) . Thus, 
the jum p rates of processes activated by the same 
phonons should extrapolate tow ards equality at some 
tem perature T  >  T m .

It is often possible to ignore the effects of cor­
relation as being negligibly small. W hen this ap ­
proxim ation is perm issible there is an abundance

21 J. H o l d e r , Thesis, University of Illinois 1968.
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of cases in which two jum p rates may be com pared 
directly w ithout concern over the elim ination of the 
defect concentrations. F or example, the independent 
com ponents of the diffusion tensor in non-cubic 
crystals are activated by  a com mon defect concen­
tration  and th e ir  relative m agnitudes reflect differ­
ences am ong jum p rates only (neglecting correlation 
fac to rs ) . S im ilarly, the in trinsic diffusion coeffi­
cients of cations and anions in ionic crystals sup­
porting  Schottky d isorder have relative m agnitudes 
which are substantially  independent of the defect 
concentration. The same is tru e  of the relative m ix­
ing rates contributed to the cation sublattice of sil­
ver halides by cation vacancies and interstitials.

A variety of examples are collected in  Fig. 7, 
which shows log(Z)A/Z>B) as a function of Tm/T,  
w ith T m the m elting tem perature, for several cases 
of each mechanism m entioned above 22. Not only do

Fig. 7. The ratio D \ / D b of diffusion coefficients for two in­
trinsic processes in a single crystal for various cases 22 which 
include: (a) diffusion parallel and perpendicular to the c axis 
in hexagonal metals; (b) anion and cation diffusion in alkali 
halides; (c) cation vacancy and interstitial diffusion in silver 

halides.

the jum p rates not cross [i. e. log(Z)\ / D ^ )  never 
equals u n ity ], the ratio  also tends to unity at tem­
peratures in excess of Tm , ju st as expected from 
Eq. (2 3 ).

It is particularly  interesting to note that the tem­
peratu re dependence of W \ / wyi in the salts is so 
strong that the jum p rates approach equality at tem ­

22 Most of these data are collected by Y. A d d a  and J. P h il i­
b e r t , La Diffusion dans les Solides, Universitaires de
France, Paris 1966.

peratures very little greater than T m , whereas for 
metals the intercept is at much higher tem peratures. 
The behaviour of the metals is consistent, at least 
in order of m agnitude, w ith the fractional tem pera­
ture dependence of the elastic constants and the 
theory given above for elemental crysta ls; that for 
the salts is not consistent w ith the elastic constants, 
and it is w orth recalling that the GV model proves 
generally unsatisfactory for sa lts20. A further, re­
lated point is that Born model calculations of m igra­
tion energies appear to have m ore success for neu­
tral in terstitials 23 than for charged vacancies 24.

It seems m ost likely tha t this characteristic be­
haviour has its origin in the m ajor role of optical 
modes in prom oting diffusion on the sublattices of 
ionic crystals. The optic modes cause opposite d is­
placements of the two sub-lattices and are therefore 
unusually efficient in moving the ions tow ards a 
saddlepoint. M ore im portant still is the fact that the 
polarization surrounding  a charged defect must 
move with the defect as it m igrates between sites. 
Thus, a vacancy jum p path through configuration 
space m ust have m ajor com ponents along optical 
mode axes in order that the screening infra-red 
polarization shall accom pany the excess charge of 
the defect as it moves through the crystal. It there­
fore seems reasonable that the optic m ode frequen­
cy, co0 , should be taken for co in the model Eqs.
(1 9 ), (22) and (2 3 ). The optical mode frequencies 
of salts are, of course, known to be strongly tem ­
perature dependent (see e. g. Figs. 2 and 4 ) ,  as also 
is the related static dielectric constant. W hile p re­
cisely quantitative data are  w anting it does appear 
from Figs. 4 and 7 that the tem perature dependence 
of co02 is indeed at least qualitatively com patible 
with the observed tem perature dependence of the 
relative diffusion coefficients, as suggested by Eq. 
(23) with (O = O)0 .

When q \  ^  the approxim ations involved are 
obviously not reliable because slight differences be­
tween the activation processes m ay then become 
im portant. This is well illustrated by the case of Cd. 
When the diffusion rates shown in Fig. 7 are cor­
rected for correlation 22 the resulting jum p rates for 
the two independent jum p processes in Cd tu rn  out

23 M. J. N o r g e t t  and A. B. L i d i a r d , Phil. Mag. 18, 156,
1193 [1968] ; Radiation Damage in Reactor Materials VI
(IAEA, Vienna, 1969).— M. J. N o r g e t t , A.E.R.E.T.P.
412 (to be published in J. Phys. C ).

24 See e. g. the discussion of R e f.10.
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to be equal at about T  = 0.8 T m . The sensitivity of 
this test may, however, be judged from  the fact that 
wA/w R does not differ from  unity by m ore than a 
factor 1.5 in the entire tem perature range shown in 
Fig. 7 and this factor corresponds to a tem perature 
change of only ~  10 °K  in either jum p processes. 
In cases where q \  and differ considerably the 
jum p rates do not become equal for reasons made 
evident by Eq. (2 3 ).

4. C onclusion

The im portant influence of tem perature and pres­
sure change on the form ation and m otion Gibbs 
functions g ( V T )  and g ( V , T )  has been stressed. 
To be com patible with quasi-harm onic theory, pair- 
force models m ust employ forces fitted to the quasi­
harm onic behaviour of the perfect crystal. The lack 
of data needed to fit modified forces near defects 
makes these procedures im practical for imperfect 
crystals. Indeed, it is not clear that any seriously 
quantitative calculation can be carried  through at 
present for any category of crystal. This paper de­
scribes an exploratory study of the surfaces g ( V , T )  

and g ( V  T ) directed m ainly, but not entirely, to ­
wards the case of ionic crystals, in which the optic 
modes play an im portant part. It is suggested that 
the fu ture development of defect calculations may 
most usefully be directed tow ards a fu rther study 
of these surfaces th roughou t areas of the V, T  plane 
relevent to experim ental defect studies.

Note added in proof:

The Formation Volumes of Charged Defects
Consider a quasi-harmonic material of undeformed volume 

V0 , having a bulk modulus B(V) and dielectric constant e  (F ),

exposed to a homogeneous electric displacement field D. The 
energy change caused by inserting the crystal (which leaves 
the displacement field undisturbed) is:

B V

and the equilibrium volume V obtained by setting d s / d V = 0 ,  
is given by

2 = y * = + l ( t e )
V,  H 3 W f ,  M  8 n B 8 . - i \ 3 /V r

in which the volume dependence of B is ignored during dif­
ferentiation. The volume therefore depends on E2 as in the 
analogous case of volume magnetostriction.

The summed dilatations of crystal elements exposed to the 
field E =  e2/ £ r 2 of a charged defect contribute a volume

dv

This is just the pressure derivative of g given by E q . (15), 
when the small pressure variation of R is ignored. Note that 
to the extent that the field-induced dilatations can be con­
sidered to lie in a self-strained elastic continuum they do sim­
ply add to give the total volume change. However, some frac­
tion of Sv appears at R and the remainder takes the form of a 
change in volume enclosed within the crystal exterior. (For a 
discussion of self-strained continua see J. D. E s h e l b y  (Solid 
State Physics V. 3 Academic Press, London 1956). With 
e ~ 1(de'dP)T  ~  —10—11 cm2/dyne at room temperature (see 
Ref. 7) this adds ~  30 x 10~ 24 cc to v for a Schottky pair with 
g = e 2/ 2 e  R ~  2 eV. The observed formation volumes are in­
deed unexpectedly large, as stressed in the accompanying ar­
ticle by Faux and Lidiard.

Two further points are worthy of note. First, observed non­
linear variaitons of e ( V)  with V tend to make the volumes 
of charged defects increase with temperature. The experimen­
tal evidence for just such a temperature-dependent volume for 
the case of vacancy-divalent impurity pairs in NaCl has been 
pointed out by R. D. F o u c h a u x  (J. Physic. Chem. Solids 31, 
1113 [1970]) on the basis of studies by W. Z ie t e n  (Z . Phys. 
146, 451 [1956]). Finally, coupling between axial stress fields 
and electric fields near charged defects may cause further 
volume adjustments having a temperature dependent charac­
ter within the quasi-harmonic approximation.


